In three spatial dimensions, in the unitary limit of a non-relativistic quantum Bose or Fermi gas, the scattering length diverges. This occurs at a renormalization group fixed point, thus these systems present interesting examples of interacting scale-invariant models with dynamical exponent z = 2. We study this problem in two and three spatial dimensions using the S-matrix based approach to the thermodynamics we recently developed. It is well suited to the unitary limit where the S-matrix S = −1, since it allows an expansion in the inverse coupling. We define a meaningful scale-invariant, unitary limit in two spatial dimensions, where again the scattering length diverges. In the two-dimensional case, the integral equation for the pseudo-energy becomes transcendentally algebraic, and we can easily compute the various universal scaling functions as a function of µ/T , such as the energy per particle. The ratio of the shear viscosity to the entropy density η/s is above the conjectured lower bound of /4πk B for all cases except attractive bosons. For attractive 2-component fermions, η/s ≥ 6.07 /4πk B , whereas for attractive bosons η/s ≥ 0.4 /4πk B .
I. INTRODUCTION
In three spatial dimensions, in the unitary limit of a quantum Bose or Fermi gas with point-like interactions, the scattering length diverges. "Unitary" here refers to the limit on the cross section imposed by unitarity. These systems provide intriguing examples of interacting, scaling invariant theories with dynamical exponent z = 2, i.e. non-relativistic. The infinite scattering length occurs at a fixed point of the renormalization group in the zero temperature theory, thus the models are quantum critical. The only energy scales in the problem are the temperature and chemical potential, and thermodynamic properties are expected to reveal universal behavior.
They can be realized experimentally by tuning the scattering length to ±∞ using a Feshbach resonance. (See for instance [1, 2] and references therein.) They are also thought to occur at the surface of neutron stars.
The systems have attracted much theoretical interest, and remain challenging problems due to the lack of small parameter for a perturbative expansion, such as n 1/d a or n 1/d r where a is the scattering length, and r the range of the 2-body potential. Early works were done by Leggett and Nozières and Schmitt-Rink [3, 4] .
The universal scaling behavior was studied in [5, 6] . In 3 dimensions, this is the physics of the BCS/BEC crossover: since the fixed point occurs for an attractive coupling, the fermions may form a bosonic bound state which can subsequently undergo BEC. This cross-over was studied analytically in [7] by considering a model of 2-component fermions coupled to the bosonic bound state. Monte-Carlo studies were performed in [8, [11] [12] [13] . The models can be studied in spatial dimension 2 < d < 4 [9, 10] and an epsilon expansion carried out [14, 15] . There has also been some attempts to apply the AdS/CFT correspondence to these non-relativistic systems [16] [17] [18] [19] .
In the present work, we describe a new analytic approach to studying the unitary limit based on our treatment of quantum gases in [20] , which appears to be well suited to the problem since it allows an expansion in the inverse coupling. Let us motivate this approach as follows. In one spatial dimension, the fixed point occurs for repulsive interactions. The model is integrable [21] and its thermodynamics determined exactly by the so-called thermodynamic Bethe ansatz (TBA) [22] . In the TBA, the free energy is expressed in terms of a pseudo-energy which is a solution to an integral equation with a kernel related to the logarithm of the S-matrix. In the unitary limit the coupling goes to ∞ and the S-matrix S = −1. The TBA is then identical to a free gas of fermionic particles. The formalism developed in [20] was modeled after the TBA: the free energy is expressed as a sum of diagrams where the vertices represent matrix elements of the logarithm of the (zero temperature) S-matrix. However since generally the N-body S-matrix does not factorize into 2-body scattering, the series cannot be summed exactly as in the TBA. Nevertheless, a consistent resummation of an infinite number of diagrams involving only 2-body scattering, the so-called foam diagrams, can serve as a useful approximation if the gas is not too dense. The result of summing these diagrams leads to an integral equation for a pseudo-energy, as in the TBA; in fact in 1 spatial dimension the TBA is recovered to lowest order in the kernel. Since the formalism is based on the S-matrix, it can be very useful for studying the unitary limit where S = −1.
In this paper we present the main formulas for the 3-dimensional case, however we mainly analyze the 2-dimensional case; analysis of the 3d case will be published separately [23] . Phase transitions in two-dimensional Fermi gases were studied in e.g. [25] . The fixed point separating the BEC and BCS regimes goes to zero coupling when d = 2, thus it is not obvious whether a unitary limit exists at strong coupling.
As we will argue, there is a scale-invariant limit at infinite coupling g = ±∞ where the S-matrix S = −1. This is a meaningful unitary limit at very low (g = −∞) or very high (g = +∞) energy, although it does not correspond to a fixed point in the usual sense of a zero of the beta function. The scattering length indeed diverges in this limit. The possibility of this kind of unitary limit in two dimensions has not been considered before in the literature.
In the next section we describe the unitary limit in 1,2 and 3 dimensions and its relation to the renormalization group. In section III, we define the interesting scaling functions for the free energy and single-particle energies by normalizing with respect to free theories. In section IV we describe the unitary limit of the formalism in [20] in both two and three dimensions, where the integral equation becomes scale invariant. The d = 2 case is especially simple since the kernel reduces to a constant and the integral equation becomes algebraic. Analysis of these equations in 2d is carried out for both infinitely repulsive or attractive fermions and bosons in sections V-VIII. The extension of our formalism to multiple species of possibly mixed bosonic and fermionic particles is considered in section IX.
Kovtun et. al. conjectured that there is a universal lower bound to the ratio of the shear viscosity to the entropy density,
where k B is Boltzmann's constant [24] . This was based on the AdS/CFT correspondence for relativistic theories in 3 spatial dimensions, and the bound is saturated for certain supersymmetric gauge theories. Counterexamples to the η/s bound were suggested to be non-relativistic [24] , however no known fluid violates the bound. It thus interesting to study this ratio for non-relativistic theories, and in particular for 2d theories where no conjecture have been put forward. It has also been suggested that the gases in the unitary limit may represent the most perfect fluid, i.e.
with the lowest value of η/s. For the spacetimes considered thus far for a nonrelativistic AdS/CFT correspondence in 2d, the result found is that η/s is exactly 1/4π [18, 19] . We analyze η/s for the attractive fermionic case as a function of µ/T in section VI. If one disregards unphysical, potentially metastable regions, one finds η/s ≥ 6.07 /4πk B . The other cases of repulsive bosons or fermions also satisfy the bound. However the attractive boson is below it: η/s ≥ 0.4 /4πk B .
II. RENORMALIZATION GROUP AND THE UNITARY LIMIT
The models considered in this paper are the simplest models of non-relativistic bosons and fermions with quartic interactions. The bosonic model is defined by the action for a complex scalar field φ.
(Throughout this paper, d refers to the number of spatial dimensions). For fermions, due to the fermionic statistics, one needs at least a 2-component field ψ ↑,↓ :
In both cases, positive g corresponds to repulsive interactions.
The bosonic theory only has a U(1) symmetry. The fermionic theory on the other hand has the much larger SO(5) symmetry. This is evident from the work [26] which considered a relativistic version, since the same arguments apply to a non-relativistic kinetic term. This is also clear from the work [15] which considered an N-component version with Sp(2N) symmetry, and noting that Sp(4) = SO(5).
The free versions of the above theories have a scale invariance with dynamical exponent z = 2, i.e. are invariant under
At a renormalization group fixed point, i.e. quantum critical point, the model is A. 3d case
The renormalization group behavior can be inferred from the coupling constant dependence of the S-matrix, or equivalently the kernels in section IV. For completeness we compute the beta function for arbitary d in Appendix A using conventional methods. Consider first a single boson in d = 3 dimensions. The kernel in eq. (45) depends on the renormalized coupling g R given in eq. (46), where Λ is a high momentum cutoff. The kernel G is related to the logarithm of the 2-body S-matrix as in eq. (41), and from this we can deduce the S-matrix function:
Galilean invariance, for equal mass particles, implies S is only a function of the relative momenta k, k ′ of the two in-coming particles. Unitarity of the S-matrix amounts to S * S = 1. Defining g = gΛ 2−d , and requiring g R to be independent of Λ gives the beta-function:
where ℓ = − log Λ is the logarithm of a length scale. The above result agrees with the calculation in Appendix A. With the normalization of g in the fermionic case as given in (3), the resulting beta function is the same as above.
As discussed in [9, 15] , the beta-function in d dimensions (see Appendix A) has the following implications. See Figure 1 . For d < 2, there is an infra-red stable fixed point at the positive value
corresponding to repulsive interactions. When d = 1, this fixed point is approached from g = ±∞ when the cutoff Λ is infinite. In the limit of g → ±∞ the S-matrix, as given in eq. (44) becomes S = −1, which is the unitary limit. In the 1-dimensional thermodynamic Bethe ansatz, the thermodynamics is simply that of a free, onecomponent, fermionic gas, even though the original particle was a boson.
For d > 2, there is an ultra-violet stable fixed point at the negative coupling g * , i.e.
an attractive interaction. A bosonic gas with attractive interactions can be unstable.
However for a fermionic gas, the attractive interaction can be balanced by the Fermi pressure, and the gas can be stable against collapse.
We now describe the implications of the above fixed point on the scattering length.
Consider a single boson. A straightforward calculation of the differential cross section
where M(|k − k ′ |) is the scattering amplitude. In the above formula k is the momentum of one of the particles in the center of mass frame, i.e. 2k = |k − k ′ |. The M are an important ingredient of the kernels of the integral equations in section IV, and were computed to all orders in [20] for instance. In d = 3, we equate σ = πa 2 .
This gives
where g R is the renormalized coupling (46). If a(k) is measured at very small momentum transfer |k − k ′ | ≈ 0, this leads to the definition of the scattering length
where Λ is the ultra-violet cutoff. In order for a to diverge, g must be negative. In fact, at precisely the fixed point g * = g * /Λ, a → ±∞, depending on from which side g * is approached. When g = g − * , i.e. just less than g * , then a → ∞, whereas when g = g + * , a → −∞. The case g R = −∞ is on the BCS side of the crossover, whereas g R = +∞ is on the BEC side. See Figure 1 . The S-matrix (4) has a pole at k = 16πi/mg R . Since physical bound states correspond to poles at Im(k) > 0, the bound state exists only on the BEC side of the critical point, with energy
In the BEC to BCS crossover from 1/a = 0 + to 1/a = 1/0 − the binding energy goes to zero and the bound state disappears. Nevertheless, the crossover is expected to be smooth, if on the BEC side one includes the bound state in the thermodynamics.
B. 2d case
The d = 2 case is somewhat more subtle due to the marginality of the coupling g. The fixed point g * = 0 and the RG flows are depicted in Figure 1 . The fixed point at g * = 0 is just the free field theory, thus there is no analog of the BEC/BCS cross-over. One can nevertheless formally define the unitary limit as S = −1, as in 1d and 3d. In this subsection we explore this possibility and interpret it using the renormalization group. As we'll see, this limit occurs at g = ±∞, and the scattering length diverges.
First begin with the beta-function in 2d, eq. (110):
Let g = g 0 at some arbitrary scale Λ 0 . Integrating the beta function one finds:
Note that g diverges at the scale:
This is the familiar Landau pole. Whereas in for example the relativistic φ 4 theory in d = 3 where the Landau pole is unphysical due to higher order corrections, here the beta function (11) is exact [15] , thus this divergence is physical. There are two cases to consider:
Attractive case: If g 0 is negative, Λ * < Λ 0 , and thus g = −∞ occurs in the infra-red.
Repulsive case: If g 0 is positive, Λ * > Λ 0 , and g = +∞ occurs in the ultra-violet.
Both cases are consistent with the flows depicted in Figure 1 .
In fact, the scale Λ * = Λe 4π/mg is an RG invariant:
and is the natural coupling constant in this problem that physical quantities are expressed in terms of. The S-matrix can be inferred from the kernel in eq. (48):
where Thus at low energies |k 1 − k 2 | ≈ 2Λ * and S = −1. Similar arguments apply to the high energy limit of the repulsive case g = +∞. It is clear that, unlike in 3d, this definition of the unitary limit does not correspond to a renormalization group fixed point in the usual sense of a zero of the beta function and is somewhat engineered;
nevertheless it defines a scale-invariant theory.
Let us turn now to the scattering length. Using the scattering amplitude M computed in [20] , the cross section for relative momenta 2k is:
Near the scale k = Λ * :
Equating σ with a scattering length a, as appropriate to 2d, one sees that a diverges in the unitary limit g → ±∞.
Because of the logarithmic dependence on |k 1 − k 2 |, the S-matrix does not have a pole. However the denominator is zero when |k 1 − k 2 | = 2k = 2iΛ * , which is a remanant of the bound state pole in 3d. The energy of this quasi-bound state is
−2Λ
2 * /m. Note that this quasi-bound state disappears as g 0 → 0 − , since in this limit Λ * → 0, and this is analagous to the situation in 3d. We thus expect that the "attractive" case of the unitary limit should be better behaved since this bound state disappears, in contrast to the repulsive case where Λ * → ∞ as g 0 → 0 + , and this will be born out of our subsequent analysis.
III. THERMODYNAMIC SCALING FUNCTIONS AT THE QUANTUM CRITICAL POINT
At a quantum critical point, the only length scales of the quantum gas are the thermal wavelength λ T = 2π/mT and the length scale n 1/d set by the density n. Equivalently, one can express physical properties in terms of the only two energy scales, the temperature T and the chemical potential µ, since the density is a function of T, µ.
In order to fix normalizations in a meaningful way, it is useful to consider the simplest theories with z = 2 scale invariance: free, non-relativistic bosons and fermions.
We set k B = = 1, except in a few select formulas. The free energy density is given by the well-known expression for each particle: (20) where β = 1/T , ω k = k 2 /2m and s = 1, −1 corresponds to bosons, fermions respectively. The integrals over wave-vectors can be expressed in terms of polylogarithms Li ν (z), where z = e βµ is a fugacity, using
valid for Re(ν) > 0. The result, as expected, is proportional to T /λ d T :
There are two important limits to consider. For Bose gases near Bose-Einstein condensation, physically the interesting limit is µ/T → 0. Since Li ν (1) = ζ(ν), where ζ is Riemann's zeta function, this leads us to define the scaling functions c d (µ/T ):
where we have used ζ(2) = π 2 /6. With the above normalizations, c d = 1 for a single free boson when µ/T = 0.
The above formulas are well-defined for fermions at zero chemical potential. Using
one finds as µ/T → 0:
It should be pointed out that the coefficients c d are analogous to the Virasoro central charge for relativistic systems in d = 1, as discussed in [27] .
The other interesting limit is T /µ → 0, i.e. z → ∞ or z → 0, depending on the sign of the chemical potential. Here the scaling forms are naturally based on the zero temperature degenerate free fermion gas, where µ > 0 is the Fermi energy. In fact, the function Li ν (z) has a branch cut along the real axis from z = 1 to ∞ and the bosonic free energy is ill-defined at z = ∞, in contrast with fermions. Using the analytic continuation of the asymptotic behavior
from positive integer ν to half-integer values, we define the scaling functions b d as follows:
The above normalizations are defined such that b d (0) = 1 for a single free fermion.
One can verify that the above d = 3 expression is the standard result for a zero temperature, single component, degenerate fermion gas where µ is the Fermi energy.
Other thermodynamic quantities follow from the free energy. The pressure p = −F . The density is n = −∂F /∂µ and the entropy density is s = −∂F /∂T . Using the scaling form in eq. (27) , one obtains for d = 3:
where b ′ is the derivative with respect to its argument T /µ. (Henceforth, g ′ will always refer to the derivative of the function g with respect to it's argument µ/T or T /µ as defined above.) The analogous formulas in 2 dimensions are:
The energy density ǫ follows from the relation ǫ = T s + µn + F :
It is interesting to note that the above result, which in terms of the pressure is simply ǫ = pd/2, is a consequence of the mechanics of free gases. This shows that this relation continues to hold for interacting gases at a quantum critical point, as
pointed out by Ho [5] .
Also of interest is the energy per particle ǫ 1 = ǫ/n:
Consider first the limit T /µ → 0, with µ positive. In this limit, if b is a smooth function of T /µ as T /µ → 0 + , then the b ′ terms in the density vanish and one simply
which is the same result as for a free gas, where for fermions µ is equal to the Fermi energy ǫ F . The above formula is usually not appropriate to the T → 0 limit when µ is negative. For the interacting gas µ = ǫ F , so this leads us to define the scaling functions ξ:
As T /µ → 0 + , the functions ξ d should become universal constants, and for free fermions ξ d (0 + ) = 1. The Fermi energy ǫ F can be defined based on its relation to density in the zero temperature free fermion gas. For bosons, one can formally use the
This leads to the definitions:
Next consider the energy per particle in the limit µ/T → 0. Here it is more appropriate to use the form in eq. (23), which gives
The expression for ǫ 1 for free fermions in the limit µ/T → 0 in d = 3 leads us now to define ξ:
With this normalization, for free fermions, as µ/T → 0, ξ 3 = 1.
In two dimensions, ǫ 1 goes to zero for free bosons as µ/T → 0 since it is proportional to 1/ζ(1). However ǫ 1 is finite for fermions in this limit. Using
With the above normalization, ξ 2 (0) = 1 for free fermions.
Henceforth we drop the subscripts 2, 3 indicating the spatial dimension on the functions c 2 , c 3 etc., since in the sequel we will carry out the analysis of the d = 2 case only.
IV. THERMODYNAMICS FROM THE S-MATRIX IN THE UNITARY LIMIT FOR D=2,3
In the formalism developed in [20] , the contributions to the free energy can be expressed as vacuum diagrams where the vertices are matrix elements of the logarithm of the S-matrix, and the lines are the filling fractions. There are vertices with 2N lines representing N-body scattering for any N. The main result obtained in [20] , and reviewed below, is the formula for the free energy density in a self-consistent resummation of the 2-body scattering "foam diagrams". The 2-body scattering can be computed to all orders in the coupling in a standard zero-temperature calculation. Clearly this result is still an approximation in that higher N-body scattering, and 2-body scattering contributions not of the foam diagram type, are neglected.
Nevertheless, this approximation is expected to be valid when the gas is sufficiently dilute.
The main ingredients of the formalism are as follows. Define the filling fractions as a function of a pseudo-energy ε(k)
which determine the density:
The consistent summation of 2-body scattering leads to an integral equation for the pseudo-energy ε(k):
The kernel G in this equation is related to the logarithm of the 2-body S-matrix S as follows:
where V is the spatial volume and
The kernel has the following structure:
where M is the scattering amplitude and I represents the available phase space for two-body scattering. The argument of the log can be identified as the S-matrix function. Finally, the free energy density then takes the simple form:
where f 0 is the filling fraction of the free theory:
Consider first the 1-dimensional bosonic case. The model is integrable, which implies that the N-body S-matrix factorizes into 2-body S-matrices, and the exact free energy is given by the thermodynamic Bethe ansatz [22] . The 2-body S-matrix is
In the unitary limit g → ±∞, S = −1, and the thermodynamic Bethe ansatz reduces to that of a free gas of fermionic particles.
In 3 spatial dimensions the exact kernel for a single component boson is the following [20] :
where g R is a renormalized coupling:
with Λ an ultra-violet momentum cutoff. As in the 1-dimensional case, as discussed in section II, the unitary limit corresponds to g R → ±∞ where S = −1. Thus in the unitary limit the kernel becomes
where −, + corresponds to g being just below, above g * , where the scattering length a = +∞ (BEC side) and a = −∞ (BCS side) respectively. It should be kept in mind that the underlying interactions are attractive in both cases since the fixed point occurs at negative g.
In two spatial dimensions the single boson kernel obtained in [20] is
where Λ * is defined in eq. (13), and |k| = |k 1 − k 2 | is the relative momentum. In the unitary limit g → ±∞, the theory is at the scale Λ * and one should consider
The result is that G becomes a constant in this unitary limit:
In the attractive case, |k − k ′ | approaches 2Λ * from above as g → −∞, and thus corresponds to the + sign above. The − sign then corresponds to the repulsive case where 2Λ * is approached from below.
For two-component fermions, the phase space factors I in [20] are doubled, and since G ∝ 1/I, the kernels have an extra 1/2 in the fermionic case:
The above unitary limit of the kernels leads to a scale-invariant integral equation
for the pseudo-energy, which in turn leads to the scaling forms of the previous section.
This will be described in detail for the d = 2 case in subsequent sections. Note that the kernel has a well-defined expansion in 1/g; in the sequel we only consider the above leading terms. Solving the integral equation for intermediate values of g between 0 and ±∞ and inputting the solution into the expression for the free energy should track the RG flow between g = 0 − and −∞, or between g = +∞ and 0 + , however we will not study this in the present work.
V. ATTRACTIVE FERMIONS IN 2 DIMENSIONS
The two-dimensional case is considerably simpler to analyze since the kernel G is a constant. In any dimension it is convenient to define:
The expression (43) for the free energy can be simplified to the following:
Consider first a hypothetical single component fermion. In order to have a pointlike local interaction one needs at least two components, and this will be treated in section VIII. As explained there, due to the SU(2) symmetry, the two-component fermion reduces to two identical copies of the following 1-component results. Since the kernel is independent if k, δ is a constant. The integral equation then becomes the transcendental algebraic equation: 
The scaling function b in eq. (27) is
and the density is n = mT 2π log(1 + zy)
The energy per particle scaling function ξ is also expressed in terms of c:
Finally ξ takes the form:
We will mainly plot these quantities against µ/T or its inverse; these functions are implicitly functions of the more physical quantity T /T F , where
Fermi temperature. The relation with µ/T is
There exists a solution to eq. (53) for any z, i.e. for all −∞ < µ/T < +∞. The density is shown in Figure 2 and takes on all positive values and approaches ∞ as µ/T → ∞. As T /µ → 0 + , the density approaches the free field value n = mµ/2π.
However at high temperatures there is a departure from the free field value:
The filling fraction f is plotted in Figure 3 . The scaling function c is shown in Figure   4 . One finds:
which is higher than the free field value c = 1/2. From these results, one obtains the equation of state:
One needs to make sure that all regions of µ/T are physical, and not for instance metastable. In particular, the entropy must increase with temperature, otherwise the specific heat is negative. In Figure 5 we plot the entropy density s, and one sees that ∂s/∂T < 0 when µ/T > 11.7. One must bear in mind that our formalism, though non-perturbative in some respects, is still an approximation, and such a feature could be an artifact that disappears once the corrections are incorporated.
Since it is beyond the scope of this work to systematically explore these corrections, we will instead try and interpret our results as they are, for this and subsequent cases. The above feature of the entropy density could signify a phase transition at µ/T = 11.7, where the density and temperature are related by:
where T F is the Fermi temperature ǫ F /k B , where ǫ F is defined in section III, and T c is the critical temperature for this hypothetical phase transition. The above value is comparable to the prediction T c ≈ 0.1 T F in [25] for quasi 2d (trapped) systems. In all other regions, and for all other cases considered below, ∂s/∂T > 0.
The scaling function b is shown in Figure 6 . It has a well defined limit as T /µ → 0, however the limiting value depends on whether µ is positive or negative:
Recall b = 1 is the free fermion value. The discontinuity at T /µ = 0 is traced to the fact that c(∞) = c(−∞), and has no physical significance. Since the density approaches mµ/2π, the equation of state is
The energy per particle scaling function ξ is shown in Figure 7 . The above value for ξ as µ/T → −∞ was determined numerically, however it turns out to equal 12 log 2/π 2 . Equation (37) then shows that the energy per particle ǫ 1 = T , which simply means that in the limit µ/T → −∞ the gas is effectively classical. This feature will be encountered in other cases below.
The single particle energy scaling function ξ has the behaviour shown in Figure   8 . It has the limiting behavior
The value ξ(0) = 1 is consistent with the arguments in [10] . It diverges as T /µ → 0 − due to the vanishing density at µ/T → −∞. 
VI. RATIO OF SHEAR VISCOSITY TO ENTROPY DENSITY
The ratio of the shear viscosity η to the entropy density s has units of /k B in any dimension. A lower bound was conjectured for 3d relativistic systems [24] :
based on the AdS/CFT correspondence. The bound is saturated in certain strongly coupled supersymmetric gauge theories. It is therefore interesting to study this ratio for non-relativistic, strongly interacting systems, in 3 and lower dimensions, since it is unknown whether there really is a lower bound. This ratio was studied for 3d
unitary Fermi gases in [29] [30] [31] [32] . The attractive fermion case is the most interesting and well-behaved case in our formalism, as will be evident in the subsequent sections, so we study the issue in this case first.
Consider first a gas with a single species of particle of mass m. For a non- relativistic system in 2 spatial dimensions:
where v is the average speed and ℓ free the mean free path. The mean free path is
where σ is the total cross-section. The √ 2 comes from the ratio of the mean speed to the mean relative speed [28] . In the unitary limit, formally Since the pressure is determined by the average kinetic energy, and the ideal gas relation eq. (30) still holds for a unitary gas, the average kinetic energy per particle is just ǫ 1 = −F /n, eq. (31). Finally we obtain:
where all the quantities in the above formula are the single component values of the last section. In terms of the scaling functions: The above expression is easily evaluated numerically using the expressions of the last section. The result is displayed for small values of µ/T in Figure 9 . In this regime, η/s is well above the conjectured bound, and comparable to the 3d values extracted from the experimental data [31] . We find
This is well-below the values for common substances like water, however it is comparable to values for liquid helium, which is about 9 times the bound [24] . In the region shown:
In Figure 10 we plot η/s as a function of T /T F , and one observes a behavior quite similar both qualitatively and quantitatively to the 3d data summarized in [31] , where the minimal value is about 6 times the bound. Recall that in the last section, it was argued that the region µ/T > 11.7 is unphysical, or perhaps metastable, since the entropy increases with decreasing temperature there. Thus for the regions that are surely physical, the bound (76) holds. It is nevertheless interesting to study the viscosity in this unphysical region. In the zero temperature limit, i.e. T /µ → 0 + , η/s slowly decreases and seems to approach the bound. See Figure 11 . However it eventually dips below it. See Figure 12 . This behavior can be understood analytically as follows. For x = µ/T very large, the solution to the equation (53) is approximately:
This leads to the asymptotic expansions:
n ≈ mT 2π (x + log(x)/2) 
In terms of the density:
It is important to note that although the energy per particle scaling function ξ approaches the free field value at low temperatures, the above behavior is very different from the free field case. In the latter, the scaling function c = −6Li 2 (−z)/π 2 , which gives the diverging behavior at very low temperature:
Finally, as µ/T → −∞, y ≈ 1 + z, and c ≈ 6z/π 2 and n ≈ mT z/2π. This leads to exponential growth:
VII. ATTRACTIVE BOSONS IN 2 DIMENSIONS
Using the same definitions as for fermions in eq. (51), the integral equation for bosons is
where the + (−) sign refers to repulsive (attractive) interactions. The scaling function c is now 
The energy per particle scaling functions now take the form:
and
For this bosonic case, there is only a solution to eq. (83) for z ≤ z c ≈ .34, or µ/T ≤ −1.08. The density is shown in Figure 13 , and note that it has a maximum. The filling fractions are shown for several µ/T up to log z c . From these plots, it appears that f is diverging at k = 0 as z approaches z c , suggestive of condensation to a superfluid. Let us refer to the maximum density then as the critical density
The scaling function c is shown in Figure 15 
As for the fermionic case, the value ξ = 0.842766 = 12 log 2/π 2 implies the energy per particle ǫ 1 = T , which means the gas is in the classical limit.
The ratio η/s given by the expressions eq. (73) 
VIII. REPULSIVE FERMIONS AND BOSONS IN 2 DIMENSIONS

A. Fermions
There are solutions to the eq. (53) for all µ/T < 0, and the density is positive in this range. A plot of the density is shown in Figure 18 . The density maximizes at µ/T ≈ −0.56, where n/mT ≈ 0.04. This seems physically reasonable given the strong repulsion in the unitary limit. In contrast, for small coupling g, the kernel Since the pressure is proportional to c, the same density occurs at two different pressures. One sees that for µ/T < −0.56, the density increases with pressure as it should. For µ/T > −0.56 the density decreases with increasing pressure, violating dp/dV < 0, and should thus be viewed as an unphysical region. We interpret this as a phase transition occuring at z c = e −0.56 = 0.57, where the critical density
At this critical point c(−0.56) = 0.24. This perhaps corresponds to a transition to a crystaline phase. We cannot prove this, since we have not calculated the shear modulus for instance, and it could simply be an artifact of our approximation, but let us take it as a hypothesis. Whereas a Wigner crystal phase occurs at low density in three dimensions, it occurs at high density in two dimensions [33] . The possibility of crystal phases for repulsive bosons was studied in [9] . For Coulomb repulsion with strength e 2 , the thermodynamic state of a classical Coulomb system is determined by Γ = √ πn e 2 /k B T , where n is the density. Experimentally it was found that Γ ≈ 137 [34] , which gives a critical density
On the other hand, since our model has point-like interactions, and is in the unitary limit, the conditions for a crystal phase are expected to be different. In particular our formula eq. (95) has no e 2 dependence, and this leads to a linear in T dependence. For m equal to the electron mass
It is interesting to note that for T of order 1, which is where the data in [34] was taken, the two densities (96) and (97) are comparable.
The energy per particle function ξ is shown in Figure 21 . The limiting values are:
As in previous cases, the above value of ξ implies ǫ 1 = T as µ/T → −∞ and the gas is thus in the classical limit. Beyond the critical point where the density increases, lim µ/T →0 ξ = ∞. Note that ξ starts to diverge around the proposed phase transition at µ/T = −0.56. Finally the other energy per particle function ξ is less interesting, as it diverges at both endpoints of the density range where the density goes to zero. At the critical point it is still quite large: ξ(z c ) = 12.6.
The ratio η/s reaches its minimum near z c , and is quite large compared to the attractive case: η s ≥ 22.6 4πk B (99)
B. Repulsive Bosons
The repulsive boson case is similar to the repulsive fermion, except that now there are only positive density solutions to the eq. (83) for µ/T < − log 2. Figure 22 compares the density for bosons verses fermions. The maximum density for bosons, which could again possibly signify a critical point at z c ≈ e −1.45 = 0.235, is half that of the fermion case:
At this point c(−1.3) ≈ 0.11.
The ratio η/s is shown in Figure 23 . It has a minimum at µ/T = −1.72 near the critical point and in the physical region:
Recall, the region µ/T > −1.45 is unphysical.
IX. MULTIPLE SPECIES OF PARTICLES
Let us suppose the gas consists of multiple species of particles labeled by the index "a", of mass m a , chemical potential µ a , and statistical parameter s a = ±1. Introduce a pseudo-energy ε a (k) for each type of particle and the filling fractions:
As shown in Appendix B, in our approximation, the pseudo-energies satisfy the coupled integral equations:
where
and G ab is the 2-body scattering kernel. By Galilean invariance, the kernel is a function of |v a − v b | where v = k/m is a velocity. For any function g we defined: The free energy density then takes the simple form:
For the two-component fermion defined by the action (3), spin up particles scatter with spin down, and G ↑↓ = G ↓↑ . Thus, if the chemical potentials are equal, µ ↑ = µ ↓ = µ, then ε ↑ = ε ↓ , and the thermodynamics is just two copies of the single component fermion described above. In particular, the density and c are doubled, but the energy per particle scaling functions are the same.
X. CONCLUSIONS
We have shown that the S-matrix based approach to quantum gases developed in [20] leads to a new treatment of the scale-invariant unitary limit, where all of the thermodynamic scaling functions can be computed as a function of µ/T . Though our methods are of course not exact, they are sufficiently novel to provide new insights into these systems. It would be worthwhile to undertand the corrections to our results due to other types of diagrams involving N-body scattering for N > 2, and also other more complicated diagrams involving 2-body scattering; this can be systematically explored using the full formalism in [20] .
In this paper we have mainly analyzed the 2-dimensional case, deferring the analysis of the integral equations in the 3-dimensional case to a separate publication [23] .
For the 2-dimensional case, this required us to define a meaningful unitary limit where the S-matrix equals −1, and such a limit has not been considered before.
We have calculated most of the interesting scaling functions for the free energy and energy per particle.
The ratio of the shear viscosity to entropy density η/s was also analyzed, and for fermions and repulsive bosons, it is above the conjectured lower bound of /4πk B . For attractive bosons it drops below it by a factor of 0.4, however this could be an artifact of our approximation. For attractive fermions, the conjectured lower bound is reached at very large µ/T ≈ 10 7 , however this was argued to occur in an unphysical or metastable region; in the physical regions, η/s ≥ 6.07 /4πk B .
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The ω integral can be done by closing the contour in the upper half plane picking up the pole at ω = −k 2 /2m + iǫ:
Introducing an ultraviolet cut-off Λ:
Defining the dimensionless coupling g as g = Λ 2−d g, and requiring the Γ (4) be independent of Λ gives the beta function:
where ℓ = − log Λ is the logarithm of a length scale; increasing ℓ corresponds to flowing to lower energy. With the convention for the coupling g in eq. (3) for the fermionic case, the beta-function is the same as above but to half the symmetry factor of the 1-loop diagram.
XIII. APPENDIX B: DERIVATION OF THE MULTI-COMPONENT CASE
In this appendix, we extend the derivation in [20] to the general case of multiple species of particles, of possibly mixed Bose/Fermi statistics. Following the definitions in section VII, the 2-body foam diagram approximation is obtained by considering the free energy functional:
a s a log(1 + s a f a ) − f a − f 0,a 1 + s a f 0,a (111)
where f 0,a = 1 e β(ωa−µa) − s a , f a = f a /y a
The integral equation for the pseudo-energy ε a follows from the variational principle δ̥/δf a = 0. Using
after some algebra one obtains the integral equation (103). (We have used
Using the solution to the integral equation (103) in the
